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A Combinatorial lemma due to Zolnowsky is applied to partition theory in a 
new way. Several even-odd formulas are derived. A combinatorial proof of the 
Jacobi triple-product identity is given. Some sieve formulas are proved which 
relate to the Euler pentagonal number theorem and the Rogers-Ramanujan 
identities and their generalizations. A formula is given for the number of parti- 
tions of n into parts not congruent o 0, *x (mod y). 
1. EVEN-ODD FORMULAS 
Given the multiset M = (a * x, b . y) a subset {n * x, m * yj will be called 
balanced if 
In-ml ,< 1. 
Let E(u, b) be the number of partitions of M into an even number of 
distinct balanced sets. Let O(a, b) be the number of partitions of M into an 
odd number of distinct balanced sets. 
Let f(a, b) = E(a, b) - O(a, b). 
Obviously, 
f(4 b> = f@, 4. 
The following lemma is due to Zolnowsky [9]. 
LEMMA 1. f (a, b) = 0 unless a and b are consecutive triangular numbers. 
The balanced partitions of M = {4 . x, 6 * y} are pictured below. 
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If a and b are consecutive triangular numbers, then there is only one 
partition of M into distinct balanced sets. The sequence of these for b > a 
is shown below. 
Y YXY YXYXY YXYXYXY 
Y YXY YXYXY ... 
Y YV 
Y 
From this we can conclude 
LEMMA 2. 
j-( n(n 2+ 1) , (n + 1y + 2) ) = (-1)n+l 
=.f( 
(n + l)(n + 2) n(n + 1) 
2 ’ 2 1. 
In the sequel we shall consider, instead of the balanced sets, the numbers 
equal to the sum of their elements 
YXY *-* xy + y + x + *a* + x + y. 
Let y > x, and consider the multiset 
A4 = (a * x, b * (y - x)}. 
Every balanced subset of M uniquely determines a number = 0, fx (mod y), 
provided y # 2x. 
Defining 
E,,,(n) = the number of partitions of n into an even number of 
distinct parts congruent to 0, fx (mod y), 
O,,,(n) = the number of partitions of n into an odd number of 
distinct parts = 0, *x (mod y). 
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At most, one term on the right can be nonzero. If 
m(m + 1) Cm + l)(m + 2) 
f(%, PI) =f( 2 3 2 ) 
and 
f((,+ ) /g,) = f m(m2+ l) + (y - x) p, @I + l)(nr + 2, 
( 2 - xp , 
) 
Then a2 , A can only be consecutive triangular numbers if CQ = & , 
A = (Ye , which implies y = 2x. 
The sum is (- l)m+l when 
I? = y mtm + 1) -( )+(Y-xX)( 
(m + l)(m + 2) 
2 2 ) 
= Cm + 1) 
2 Mm + 1) + (y - WI 
or 
n = (y - x) 
( 
m(m + 1) + x (m + l)(m + 2) 
2 1 ( 2 ) 
= Cm+11 
2 Mm + 1) - (Y - WI. 
The general conclusion is 
THEOREM 1. 
&x/(4 - O,.,(n) = (-1Y if n = (W)[yk i (Y - 241 
= 0 otherwise. 
This is a generalization of [I, Theorem 2.1’11. 
COROLLARY 1 (Euler). Let E(n) be the number of partitions of n into an 
even number of distinct parts and O(n) the number of partitions of n into an 
odd number of distinct parts. 
E(n) 1 O(n) = (- 1)” if n = $k(3k & 1) 
zzz 0 otherwise. 
Proof. This follows from Theorem 1 by letting x = 1 and y = 3, since 
every integer is a unique balanced combination of l’s and 2’s. 1 
COROLLARY 2. 
E&n) - %&9 = (-1Y if n = -ik(5k * 1) 
=o otherwise. 
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2. THE JACOBI TRIPLE PRODUCT 
Let us start with the theta function identity of Jacobi: 
2 .z-xn2 = fi (1 - xZ”)(l + zx2”-l)(l + z-‘Xzm-1). --Q rn=l 
Replacing x by xv, z by -xw and finally x by xliz we obtain 
f (-1)” X(‘“a+wn)/2 
--m 
= fjl (1 - x”“)(l - XYm+I(u~-Y)J/2)(1 - ~p1-[w+w)/21)~ 
Now, replace x by z and w  by y - 2x 
.fo (-1)s z(n/2)[Yn+(Y-2r)l = fi (1 - zY")(l - z'm-r)(l _ ZYm+x-Y). 
m=l 
When multiplied out the right-hand side is a power series in z. The 
coefficient of the term ZP is the number of ways p can be written as the sum 
of an even number of distinct parts ~0, fx (mod y) minus the number of 
ways p can be written as the sum of an odd number of distinct parts 
congruent to 0, *x (mod y). 
Looking at the left-hand side we see that the coefficient of zp is 0 unless p 
is of the form 
5 [yn i (Y - WI, 
in which case the coefficient is (- 1)“. 
THEOREM 2. The Jacobi triple product implies Theorem I. 
It is also interesting to note that 
THEOREM 3. Theorem I implies the Jacobi triple product. 
Pro@I Let us start with Theorem 1 in the form 
z("/2)[Yn+(Y-2a4 = fjl (1 - zY”)(l - zY”-“)(l - zy(m--1)+=), (*) 
m 
1 [-Z(Y-2s)/2]n[ZY/2]n2 = I-j m (1 - [z"/"]"")(l + [_z(Y-22)/2][zY/2]2rn-l) 
n=--m ?Tl=l 
x (1 + [-z(Y-22)/2]-l [ZY/2]2m-1). 
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because of the arbitrary selection of x, 
[z@] and 
are independent variables and we can substitute back into the original form 
for ,the triple product. 1 
This is a combinatorial proof of the Jacobi triple product formula. In fact, 
in some sense, (*) is a more natural form for this identity since it involves 
series in the single variable z. 
Other combinatorial proofs of this identity, along different lines, are due to 
Sylvester [6], Wright [7], Sudler [5], and Zolnowsky [9]. 
3. THE SIEVE FORMULAS 
Using the principle of inclusion-exclusion we can interpret each even-odd 
formula as a sieve formula. 
For example, let A, be the number of partitions of n into (not necessarily 
distinct) parts =I, 4 (mod 5). 
To calculate A,, we first start with all p(n) partitions of n. 
Now we subtract all those partitions which use the number 2 as a part. 
There are p(n - 2) of these. And we subtract all the partitions which use 
the number 3, or 5, or 7, or 8... . 
This gives the formal sum 
p(n) - p(n - 2) - p(n - 3) - p(n - 5) - p(n - 7) - . . . . 
We have excluded those partitions twice which include both a 2 and a 3. 
There are p(n - (2 + 3)) of these. So we must reinclude all these partitions 
of this form 
p(n) - p(n - 2) - p(n - 3) - p(n - 5) - p(n - 7) - ..* 
-i- P@ - (2 + 3)) + p(n - (2 + 5)) + p(n - (3 + 5) + ***. 
We now have to reexclude those partitions which include 2, 3, and 5 as 
parts since they have been included four times and excluded only three. 
We will eventually develop a sum of the form 
A, = p(n) + c&z - 1) + C,& - 2) + C&n - 3) + “‘5 
where ci is the number of ways of writing i as an even number of distinct 
parts -0, f2 (mod 5) minus the number of ways of writing i as an odd 
number of such parts. 
Corollary 2 now implies 
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COROLLARY 3. 
A, = p(n) - p(n - 2) - p(n - 3) + p(n - 7) + p(n - 11) - ... 
= ,i, (-1)“p (n - m(5m2+ 1)). 
We draw special attention to this example because A,, is one of the two 
quantities equated in the Rogers-Ramanujan identities. 
Corollary 1 leads to the well-known sieve formula 
p(n) - p(n - 1) - p(n - 2) + p(n - 5) + ..’ 
= 1 (-1)” p (n - kc3k2* l) ) = 0. 
Combinatorially, this formula means that the number of partitions of n 
into parts not congruent to 0 or &l (mod 3) is 0. 
Theorem 1 leads to 
THEOREM 4. Let y # 2x. If A,,,(n) is the number ofpartitions of n into 
parts not congruent to 0, fx (mod y), then 
A,,,(n) = kzO (-l)kp (n - k[yk * ‘2’ - 2x)1 ). 
This quantity, only for odd y, is mentioned in the generalization of the 
Rogers-Ramanujan identities due to Gordon [4]. The quantity to which 
A,,,(n) is equated is B&n), the number of partitions of n of the form 
(b, , bz ,..., b,), where 
b[jl - b [I’ + (+)I 3 2 
and at most (x - 1) of the bj equal 1. 
B,,,(n) can also be expressed by a sieve formula as a total of partition 
numbers. 
We now give the general treatment of this process. 
Let A = {al, a2 ,...} be any set of positive integers. The number of 
partitions of n which do not use elements of A is equal to 
p(n) - p(n - a,) - p(n - az) - ... + p(n - a, - az) + a** - + **. 
= C cip(n - i), 
where ci is equal to the number of partitions of n into an even number of 
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distinct elements of A minus the number of partitions of n into an odd number 
of distinct parts from A. 
The generating function for ci is 
c qxi = l--J (1 - Pi). 
If we let ai = i we have Euler’s formula, 
1 (-1)” p(n - gm(3m f 1)) = 0. 
If we let ai = 2i we have a formula for the number of partitions of n into 
odd parts P&z). 
COROLLARY 4. 
PO(n) = c w4 - W)> Pb - 24 
= i (-1)” p(n - m(3m * 1)) 
= p(n) - p(n - 2) - p(n - 4) + p(n - 10) 
+ p(n - 14) - - + + a’- . 
If we let ai = ki, for some integer k we will find a formula for the number 
of partitions of k into parts not divisible by k. 
COROLLARY 5. The number of partitions of n into parts not divisible by k is 
z (E(m) - W))p(n - km) 
=z(-l)^p(n--(3m*l)) 
= p(n) - p(n - k) - p(n - 2k) + p(n - Sk) + - a*. . 
If we wish to determine the number of partitions of 72 in which no part 
appears k or more times we produce the sieve 
-p(n _ 1 _ 1 es. - 1) -p(n _ 2 _ 2 . . . - 2) - . . . 
+p(n _ 1 _ 1 . . . _ 1 _ 2 - 2 . . . _ 2) + . . . 
- + . . . 
= p(n) 
- p(n - k) - p(n - 2k) - a’* 
+ p(n - k - 2k) + ..a 
- + . . . 
which is the sieve in Corollary 5. 
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In this way we see that sieves can be used to prove that the number of 
partitions of 12 into odd parts equals the number of partitions of rt into distinct 
parts (Euler’s theorem when k = l), and the number of partitions of n into 
parts none of which are multiples of k is equal to the number of partitions of 
IZ into parts none of which occur k times (Glaisher’s theorem; cf. [3]). 
These proofs can be found in [S, p. 751, where the result is established 
without knowledge of the explicit coefficients c, in the sums 
c Gdn - ml. 
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